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MATHEMATICS SPECIALIST 2 CALCULATOR-FREE

SEMESTER 2 (UNITS 3 AND 4) EXAMINATION MARKING KEY
Question 1 (8 marks)
(a) If (a—3i )2 = -5 —bi find the values of a and b, where a and b are real constants.
(3 marks)
Solution

(a-3i)% =a% —9_sai

Equating the real parts: > —9=-5=>a=+2

Equating the imaginary parts: —6a=-b: So, fora=2, b=12 and fora=-2, b=—

Specific behaviours

v’ correctly expands (a—3i )2
v’ equates real and imaginary parts
v correctly states corresponding values of a and b

(b) The complex number z =1-+/3i is transformed to its reciprocal

1
1-3i

0] What is the reciprocal of z in the form a+bi? (2 marks)

Solution

1 1 14438 1448 1 :
1-43i 1-3i 1+38i 4 '4(“@')

Specific behaviours

v multiplies by

N | N

v simplifies to arrive at the correct result

(i) State the reciprocal of z =1-+/3i in polar form. (2 marks)

Solution

( ij:% and arg [1_—1\/—3J =arg [Hfi] = arctan(\/§) =%

2%

l\)ll—‘
oolél

j in polar form.

Specific behaviours

. V4
v determines arg (1

EaE

1
v correctly states — in polar form
YA
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(© Given z is a complex number, express the modulus and argument of — in terms of
z
modz and argz. (1 mark)
Solution
(1) 1 1] 1
mod| — |= or |=|=—
z) modz z| ||
1
arg| = |=—arg(z)
z
Specific behaviours
v states the correct relationship for the modulus and the argument
Question 2 (8 marks)
Let f(x)= 3 and g(x)=2x—1. Determine the following:
X —
(a) f og(x) and its natural domain. (2 marks)
Solution
1 1
feog(x)=
2x-1- 3 2x—4
X # 2
Domain: R —{2} or {x:x#2 xeR}
Specific behaviours
v’ states rule of composite
v’ states natural domain
(b) f og(x—3) and its natural domain and range. (3 marks)
Solution
1
f o X) =
J ( ) 2x—4

1 1
fO —3 = =
g(x ) 2(x-3)-4 2x-10

X#b5
Domain: R —{5} or {x:x#5,xeR}

Range: R —{0} or {y:y=0,yeR}

Specific behaviours

v’ states simplified rule of composite
v’ states natural domain
v’ states range
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(© Sketch y=1fog (x —3) on the axes below showing all major features. (3 marks)
Solution
y

=

\

L
———————— e e

Specific behaviours

v" shows graph to be in two separate parts
v shows asymptotes X=5and y=0

v’ labels Yy intercept
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Question 3 (5 marks)

Consider the function f as graphed below:

Y=/

On the set of axes provided, sketch the new curve given that the dotted curve is y = f (x) :
(@  Sketch vy =‘ f (x)‘ (2 marks)

Solution

V= flx)

v

Specific behaviours

v’ leaves f(X) unchanged for positive y values
v’ reflects in X axis for where Y is negative
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(b)  On the axes below, sketch y = ‘f (|x|)‘ . (3 marks)

Solution

y

Y= i)

Specific behaviours

v" shows all intercepts
v" shows that left side is a reflection of right side
v all y values greater than or equal to zero
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Question 4 (12 marks)

Determine the following integrals.

X
a dx 2 marks
@ ~[7x2 +1 ( )

Solution

I z( dx
7xX°+1
1 14x

— z—dx:iln(7x2+1)+c
14° 7x° +1 14

Specific behaviours

v’ recognises that numerator is proportional to derivative of numerator
v’ uses natural log with a constant

(b) J.cos2 (5x)dx (3 marks)

Solution

jcos2 (5x)dx
:J~cos(1(2)x)+1 .

:isin(lox)+1x+c
20 2

Specific behaviours

v uses double angle formula for cosine
v’ integrates one term correctly
v’ integrates all terms correctly
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Determine the following integrals with the given substitution.

15x+1
(c) J.mdx u=1-5x (3 marks)
Solution
15x+1
dx u=1-5x
I \/1—5xj
151;“+1 D P
—  x— |du=—|(4-3u)u 2du
| NI = J@-3u)

1. 2t qf 0+ 8
—j4u 2 -3u2du=—|8u2-2u? |+C
5 5

=_—8 1-5x %+g 1-5x g+c
5( ) 5

Specific behaviours

v changes variable to U in integral
v’ antidifferentiates with respectto U
v’ expresses in terms of X

(d) 5sin’ (3x)cos(3x)dx u=sin(3x) (3 marks)

O V[ N

Solution

5sin’ (3x)cos(3x)dx u =sin(3x)

O N | N

-1 -1 8 -1
I5u7cos(3x);du=§ju7du=§ uwio_s
. 3cos(3x) 37 318, 24

Specific behaviours

v’ changes variable to U in integral
v’ changes limits to U values
v" determines definite integral

© MAWA 2016



CALCULATOR-FREE 9 MATHEMATICS SPECIALIST
MARKING KEY SEMESTER 2 (UNITS 3 AND 4) EXAMINATION

Question 5 (8 marks)
Consider the following system of linear equations:
XxX+2y+3z=2
3x+7y+11z=6
x+y+az=»>b

where x,y and z are the unknowns and a and b are constants.

@) For which values of the constants a and b is there no solution? (4 marks)
Solution
x+2y+3z=2 x+2y+3z=2 x+2y+3z=2
3x+7y+11z=6 > y+2z=0 = y+2z=0
x+y+az=>» —y+(a—-3)z=b—-2 (a—1Dz=b-2

No solution: Last equation must be inconsistent,i.e. a=1andb # 2

Specific behaviours

v’ first reduction

v’ second reduction

v' notes inconsistency

v obtainsa=1landb # 2

(b) Solve the equations giventhata = 5and b = 3. (3 marks)

Solution

x+2y+3z=72
a=5andbh=3= y+2z=0
4z =1

7z =

B

back substitution givesy = —and x =

o

Specific behaviours

v obtains z = ;
v’ back substitutes to obtain y =
v’ back substitutes to obtain x =

1

2
2
4

(©) For which values of the constants a and b are there precisely two solutions? (1 mark)

Solution

Precisely two solutions: Never
If there is more than one solution there are infinitely many

Specific behaviours

v’ correct answer
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Question 6 (6 marks)

The Cartesian equation of a sphere S is

(@)

(b)

(c)

(d)

x2+y?2+22=2x+4y—4z

By rearranging the equation in the form (x — a)? + (y — b)? + (z — ¢)? = r?, determine
the coordinates of the centre C of § and its radius. (2 marks)

Solution

x2+y?+z2=2x+4y—4z=x2—2x+y? —4y+z2+4z=0
=S x-12+@y-2)+=Z+2)?=1+4+4=9
So (1,2,-2) are the coordinates of the centre C and the radius is 3

Specific behaviours

v’ obtains coordinates of C
v’ obtains radius r

Show that the origin O lieson S. (2 mark)

Solution

(x—12+@y—-2)2+z+2)?2*=9
Subs (0,0,0) into equation (0 —1)>+ (0—2)>+(0+2)*=9

Specific behaviours

v’ correct answer

Find the coordinates of the point A on § that is diametrically opposite to O. (1 mark)

Solution

OP = 20C so the coordinates of A are (2,4,-4)

Specific behaviours

v’ correct answer

Find the Cartesian equation of the plane P which contains the point A and is tangent to
S.
Hint: The radial vector OC is normal to P. (2 marks)

Solution

Usingr-n:cwithn=m') andc=04-n gives
X+2y—2z=2X1+4%X2+(—4)x(-2)=18

Specific behaviours

Vusesr-n=cwithn=0C andc=04-n

v simplifies
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Question 7 (8 marks)
@) From the differential equations provided, select and state the one that matches each
respective slope field drawn below. y' =%, y =x*, y' =8-4x, y' = 1

X
i)

Solution

— s~ — —

Y R S
[ U

= oy s Sy mn S| ey = s sy =y =

= oy s Sy mn S| ey = s sy =y =

= == = o= e == = = =
B e . | B T
G G
—
o

e

LAY

v selects the correct differential equation

Solution

'/,/,/‘/'/'/
oy my ey

HHHHHHHHHHHH
—
|
e | [P

,((,,,f,(,,((
P T i e e

hy v |
N R
Tma Tha T T T T T T T Tty Ty Ty
- S S S s s s

“on

o ey e ey ey el o e e e o
e

‘/'/'/,/‘/
o s g mp

s

v’ selects the correct differential equation

ii)

Solution

— S Ny [

B [
e [ RN
p e S Ry A s

e T S Ty [

o o o

Ta e Tw T e T Ty Ty Ny

— e S Ty [P N

Y o B

B N o

e e Y P

= T

T

[P

B S W e dednd

=t T N Y| PP y/

v selects the correct differential equation

© MAWA 2016



MATHEMATICS SPECIALIST 12 CALCULATOR-FREE
SEMESTER 2 (UNITS 3 AND 4) EXAMINATION MARKING KEY

b) Consider the slope field for y’ = X
y

i)For what values of x and y will y =07

Solution
X =0 excluding y =0
v states X =0and excludes y =0
i) For what values of x and y will y'=17?
Solution
y = X excluding (0,0)
v states y = X
. X
i) On the axes below, sketch the slope field for y’' = —
y
Solution

N M e e e e e
N .
LN N e sl e S
VL AN e S
R RN P A AN A |
RS IR NEN
N R A AR TR AR R
A A A e E N A R ]
Pl ey
AP AP 2k NN
R R R
NP o N WY

L

Y,
E

v" shows that slope is one along y = x

v" shows that slope is positive for quadrants 1 and 3
v" shows that slope is greater than one between y = x and X axis.




